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Abstract A Higgs-Yang Mills monopole scattering spherical symmetrically along
light cones is given. The left incoming anti-self-dual α plane fields are holomorphic, but
the right outgoing SD β plane fields are antiholomorphic, meanwhile the diffeomorphism
symmetry is preserved with mutual inverse affine rapidity parameters µ and µ−1. The
Dirac wave function scattering in this background also factorized respectively into the
(anti)holomorphic amplitudes. The holomorphic anomaly is realized by the center term of
a quasi Hopf algebra corresponding to an integrable conform affine massive field. We find
explicit Nahm transformation matrix(Fourier-Mukai transformation) between the Higgs
YM BPS (flat) bundles (D modules) and the affinized blow up ADHMN twistors (per-
verse sheafs). Thus establish the algebra for the ’t Hooft-Hecke operators in the Hecke
correspondence of the geometric Langlands Program.
PACS numbers :14.80.Hv
Key words: Affine BPS monopole, affinized ADHMN sheaf, affinized Nahm trans-
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1 Introduction
The ’t Hooft BPS monopole always plays important role in gauge field theory, for example,
for the Seiberg Witten monopole condensation [1] and for the ’t Hooft operator [2] . In
this paper, we first give an affine monopole which twist affinize the twistor . The key
points lies in that, when we do the transformation from the space time fixed frame to
the comoving frame, in fact we have transform to the static κ symmetric Killing gauge
in Green Schwarz theory. Meanwhile, we start from the BPS Higgs Yang-Mills bundle,
which is flat over the self dual plane α and the antiself dual plane β, to the affinized
ADHMN sheaf (i. e. twistor sheaf).
Then we solve the Dirac equation in this background. Here we covariantly transform
to the same comoving frame. This will manifest the Nahm transformation to the twistor
space. These are realized as the soliton solution of the conformal affine Toda field [3,4].
Furthermore, this will give the elementary building block for the moduli space of exactly
solvable worldsheet theory (Bena, Polchinski, Roiban[5], and[6,7]). Our work shows the
explicit links between Yang-Mills theory, quantum massive integrable field and quasi Hopf
(Drinfeld[8]) twistors for the scaled elliptic algebra and the scaled W algebra [9−14]. So it
generalize the algebraic formulation in the Langlands program by E. Frenkel et al.[15−17]
to the 4 dimensional case.
1E-mail: byhou@nwu.edu.cn
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2 The affine monopole solution
As Kapustin and Witten[2] we consider an affine family of the N=2 supersymmetric gauge
field in the 4d Minkowski space M which has been twisted relevant to the geometric
Langlands program. We pick a homotopic homomorphism K from the space time sym-
metry Spin(4)S, which is the universal cover SU(4) of the conformal SO(4, 2), to the
R symmetry Spin(6)R, K: Spin(4)S → Spin(4)R ⊂ Spin(6)R. By the choice of these
Bochner Martinelli kernel homotopy operator K, we get a family of N=2 loop supersym-
metry S˜U(4) with affine parameter t ∈ CP1. To establish the Hecke correspondence, it
should be further central extended to A
(1)
3 . The time reverse and orientation reversal sym-
metry described by [2] implies, and the global Riemann Hecke correspondence requires
that the coordinates xµ(µ = 0, 1, 2, 3) of M has to be complexifield, embedded into C
4 by
analytically continue to the upper and lower complex planes respectively, such that the
connection of the D module becomes flat in the SD planes α and the ASD planes β.
[Di+, D⊥i+] + ∗[Di+, D⊥i+] = 0, (α) (2.1)
[Di¯−, D⊥i¯−]− ∗[Di¯−, D⊥i¯−] = 0. (β) (2.2)
Remark: The flat connection introduced by C.N.Yang [30] is the i = 1 case of (2.1),
and (2.5).
Here in the covariant derivative
Dµ = ∂µ + Aµ, (2.3)
we have
Aµ = A
aˆ
µT
aˆ, µ = 0, 1, 2, 3, (2.4)
where T aˆ is the A
(1)
3 generators, the ∗ denotes the 4-dimensional Hodge dual, and the
tangent vectors ∂ in the fixed null frame for the α planes are
∂i+ ≡
1√
2
(
∂
∂xi
+
∂
∂x0
), ∂⊥i+ ≡
1√
2
(
∂
∂xj
+ i
∂
∂xk
), (2.5)
∂i− ≡
1√
2
(
∂
∂xi
− ∂
∂x0
), ∂⊥i− ≡
1√
2
(
∂
∂xj
− i ∂
∂xk
), (2.6)
while the tangent vectors ∂ for the β planes are
∂i− ≡
1√
2
(
∂
∂xi
− ∂
∂x0
), ∂⊥i− ≡
1√
2
(
∂
∂xj
− i ∂
∂xk
), (2.7)
∂i+ ≡
1√
2
(
∂
∂xi
+
∂
∂x0
), ∂⊥i+ ≡
1√
2
(
∂
∂xj
+ i
∂
∂xk
). (2.8)
The xµ (x¯µ) are the complexified Cartesian coordinate of M, analytical continued upper-
wise (lowerwise) respectively. We use ⊥ to denote perpendicular in α (β) plane , i, j, k
are the cyclic permutation of 1, 2, 3. The tangential vectors ∂i+ and ∂⊥i+ are left null,
while ∂i− and ∂⊥i− are right null. To establish the Hecke correspondence, we should have
left (right) D operators flat on α (β) plane and act on left (right) Hilbert space HL,R
respectively (c.f. the section 3). In this paper we consider the level one case, i.e. HL,R
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are |Λi〉 ,
〈
Λ¯i
∣∣ (i = 0, 1, 2, 3) respectively (c.f. the section 4). Over the α plane (1), the
gauge field Fµν of the left bundle is anti-self dual, while over the β plane (2), Fµ¯ν¯ is self
dual. Here µν or µ¯ν¯ implies that xµ approach the real slice from upper or lower half
complex planes of xµ. We will find the monopole solution separately for the α (β ) null
planes, such that it is incoming(outgoing) along the left(right) real null lines ∂i+( ∂¯i−)
spherical symmetrically, i.e. we boost the static BPS monopole (Appendix A) along the
incoming(outgoing) real null lines. The interaction between incoming and outgoing waves
at all the scattering points yields the central extension (c.f the section 4).
The level one, i.e. the grade one in principle gradation of the affine algrbra, Lorentz
covariant spherical symmetric ansatz of the nonzero components of incoming Aaˆµ in
the tensor product form of spherical comoving spacetime and gauge frames are (cf.
Appendix B)
KT+ =
iF (r)√
2r
ρ−1E−1, (2.9)
KT− = −iF (r)√
2r
ρ−1E, (2.10)
HT+ =
−∂γ/∂ϕ + cos θ
r sin θ
ρ−2, (2.11)
HT− =
∂γ/∂ϕ + cos θ
r sin θ
ρ−2, (2.12)
Kr− = Ar− = G(r)ρ−2, (2.13)
Acr+ = ζ(r), (2.14)
Adµ = 0, (2.15)
Dµ = ∂µ + Aµ, Aµ = Hµ +Kµ, D
(H)
µ = ∂µ +Hµ,
where: the cyclic element
E =

0 1
0 1
0 1
1 0
 , (2.16)
and the Coxeter ρ lies in the center of U(4)
ρ =

1
i
−1
−i
 , (2.17)
i.e. (ρ−1)i,i = (ρ
−1E)i,i+1 = (−ω)i , (ρ−1E−1)i+1,i = (−ω)i, ω ≡ e
2pii
4 , here ρ E (Eρ = ωEρ)
are the generators of the affine Heisenberg algebra (group), used for the construction of
the vertex operators in the principle realization of the affine algebra[24]. The spherical
3
incoming space time null frames
eT
+
= − 1√
2
re−iγ (dθ + i sin θdϕ) , (2.18)
eT
−
=
1√
2
reiγ (dθ − i sin θdϕ) , (2.19)
er
±
=
1√
2
µ±1(dr ± dt), r2 = x21 + x22 + x23. (2.20)
here: r = µr+ + µ¯−1r¯−, r± =1
2
(r ± t), γ(θ, ϕ) = ∓ϕ in north (south) Wu-Yang gauge.
We have decomposed the connection Aµ into the gauge connection Hµ, which lies in
the center U(1) of U(4), and the covariant constant independent of (θ, ϕ) components
Kµ. The connection Hµ turns to be the U(1) Dirac monopole component for the ’t
Hooft monopole. Now the Kµ in eq. (2.9), (2.10), (2.13) are not connections, but are
tensors with the basis elements Aβ,j (given by ρ, E) in lemma
[24] (14.6). For the level
one representation |Λi〉, in the expression of the principle realization in affine algebra for
the vertex operator Γ, only the level one j = 1 term in the infinite sum of the following
eq.[24](14.6.7) contributes.
Γβ = 〈Λ0, Aβ,0 〉 exp
( ∞∑
j=1
λβj′z
bjxj
)
exp
(
−
∞∑
j=1
λ
bj
β,N+1−j′b
−1
j z
−bj ∂
∂xj
)
. (14.6.7)
The j = 1 term usually write as E
(1)
ij , with the grade
′′1′′ correspond to the exponent ′′1′′
of the loop parameter z in (14.6.7).
The explicit expression of the central term ζ will be given later. which will contribute
the holomorphic anomaly. However it is irrelevant for the field strength over α(β) plane
here. Actually, the incoming and outgoing Kµγ
µ in reduced cup product form (section
3) turns to be the Affine Toda Lax connection generate by the grade 1(−1) part of the
soliton generating vertex operator (section 4) in the principle realization [3,4].
Our ansatz for level -1 nonzero component Aaˆµ¯ in the outgoing comoving null
frames over the β planes (2.2) are:
KT¯+ =
iF (r)√
2r
ρE, (2.21)
KT¯− =
iF (r)√
2r
ρE−1, (2.22)
HT¯+ =
∂γ¯/∂ϕ¯− cos θ¯
r sin θ¯
ρ2, (2.23)
HT¯− =
−∂γ¯/∂ϕ¯− cos θ¯
r sin θ
ρ2, (2.24)
Kr¯+ = G(r)ρ
2, (2.25)
Acr¯− = ζ(r), (2.26)
Adµ¯ = 0. (2.27)
As in the case of the static BPS monopole (Appendix (A13) A(14)), to obtain the
field strength from the comoving frame ansatz (2.9)-(2.15) for the incoming potential
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become very simple, by using the generalized Gauss-Codazzi equations(C9), (C10). Now,
only the Dirac potential component is dependent on (θ, ϕ) to get its F
(H)
µν involves dif-
ferential calculation, all other Kµ terms becomes (θ, ϕ) independent tensor matrices, its
contribution to the field strength are just the tensor products and r directional covariant
derivatives. The holomorphic ASD fields strength over α plane are
FT+,r− =
−F (r)G(r)
r
ρE−1, (2.28)
FT−,r− =
F (r)G(r)
r
ρE, (2.29)
FT+,T− = −F
2(r)
r
2
ρ−2 − 1
r
2
ρ−2, (2.30)
FT+,r+ = −F
′(r)
r
ρ−1E−1, (2.31)
FT−,r+ = −F
′(r)
r
ρ−1E, (2.32)
Fr+,r− = G
′(r)ρ−2, (2.33)
here G′(r) = d
dr
G(r), F ′(r) = d
dr
F (r).
The anti-self-dual equation becomes
F ′(r) = G(r)F (r), (2.34)
G′(r) =
F 2(r)− 1
r
2
. (2.35)
Remark: the seemingly mismatch factor ρ2 is contributed by the opposite chirality in
the γµD
(H)
µ and γµK
µ (c.f. Section 3 ) under homotopy, which include a ρ2 ∈ Z2 factor
in the Hodge duality in the target space, moduli space, as the opposite rotation of δAz,
δφz under the action of the complex structure (e.g. Kapustin and Witten
[2] (4.3))
The unique “normalizable” solution is:
F (r) =
r
shr
, (2.36)
G(r) =
1
r
− µcthr. (2.37)
This solution is the unique solution such that the field strength has appropriate asymp-
totical property both at the infinity and at the origin. When we calculate the left(right)
part of our solution, we keep r¯−(r+) fixed. This implies as in section 4, push down to
the worldsheet by the static (with respect to ”time” r−(r¯+)) gauge, the dependence on
worldsheet coordinates z = r−(z¯ = r¯+) turns to be (anti)holomorphic, respectively.
From the outgoing comoving null frames( equations (2.21)-(2.27)), the antiholomorphic
SD field strength equals the Hermitian conjugate of ASD part, only the sign of H¯T+ , H¯T−
changes, since the orientation of the basis is reverse.
e¯T
+
= − 1√
2
e−iγ¯r
(
dθ¯ − i sin θ¯dϕ¯),e¯r± = 1√
2
µ¯∓1(dr¯ ± dt¯), e¯T− = 1√
2
eiγ¯r
(
dθ¯ + i sin θ¯dϕ¯
)
.
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3 The Dirac equation in the affine monopole back-
ground
Now we turn to the Dirac equation in this affine monopole background:
For the right D bundle γµDµ|ψ〉 = 0, (3.1)
For the left D bundle 〈ψ| (γµ¯Dµ¯)† = 0. (3.2)
As in last section(c.f. appendix B), we decompose A = AaˆµT
aˆdxµ into the potential
Hµ of Dirac monopole and the vector boson Kµ covariant with respect to both the spin
S and the “R-spin” T.
Aµ = Hµ +Kµ. (3.3)
Let
Dµ = D
(H)
µ +Kµ.
For the right D module, the outgoing spherical waves propagate along r+ with r− =
constant. We introduce
κ ≡ −iǫijkσirˆjD(H)k + 1. (3.4)
here i, j, k = T+, T−, r+, then one can proof that
γiD
(H)
i = γr+
(
∂
∂r+
+
1
r+
)
− 1
r+
γr+κ, (3.5)
where γr+ = Σ
2 ⊗ σr+ , σr+ =
∑
i
σirˆ
+
i .
Let the fixed frame wave function in the tensor product form of “R-spin” |I〉βν and
the space time spin |S〉αλ be factorized into (t, r) and (ϕ, θ) dependent part2
|ψ〉 = ψαβλν |S〉αλ |I〉βν , α, β = +,−; λ, ν = ±
1
2
. (3.6)
Then the incoming Dirac equation (3.1) becomes
γµD
(H)
µ |ψ〉+
∑
a,j=1,2
ǫr+aj(Σ
2 ⊗ σj)αα′λλ′F(r)α
′α′′;β′β′′
λ′λ′′;ν′ν′′ (Σ
2 ⊗ σa)ββ
′
νν′ψ
α′′β′′
λ′′ν′′ |S〉α
′′
λ′′ |I〉β
′′
ν′′
+ ηr−r+(Σ
r+ ⊗ σr−)αα′λλ′G(r)α
′α′′;β′β′′
λ′λ′′;ν′ν′′ (Σ
r− ⊗ σr+)ββ
′
νν′ψ
α′′β′′
λ′′ν′′ |S〉α
′′
λ′′ |I〉β
′′
ν′′ = 0, (3.7)
where
F
αα′;ββ′
λλ′;νν′ ≡
(
(γ+)
αα′
λλ′ ⊗
ST
(ρ)ββ
′
νν′
)
F (r)
r
, Gαα
′;ββ′
λλ′;νν′ ≡
(
(γ0)
αα′
λλ′ ⊗
ST
(ρ)ββ
′
νν′
)
G(r).; (3.8)
and the γµ matrices is decomposed as the direct product ⊗ of the 4d chirality
∑
and the
spin σ,
γi = Σ
2 ⊗ σi, γ0 = Σ1 ⊗ σ0,γ5 = Σ3 ⊗ 1,
2we adopt the convention |v〉 =
 v1...
vn
= n∑
i=1
vi |e〉i , |e〉1 =

1
0
...
0
 , . . . .
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σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, (3.9)
σr+ = σ3 =
(
1 0
0 −1
)
, σr− = σ0 = −
(
i 0
0 i
)
, (3.10)
Σr
+ ≡ Σ1 =
(
0 1
1 0
)
,Σr
− ≡ Σ2 =
(
0 −i
i 0
)
,Γ ≡ Σ3 =
(
1 0
0 −1
)
,Γ± =
1
2
(1± Γ).
(3.11)
and ηr−r+ is the light cone metric in real null direction.
We use the D function to transform from the fixed frame basis |S〉 =
( |S〉+
|S〉−
)
, |I〉 =( |I〉+
|I〉−
)
to the comoving frame |s >±λ , |i >±ν
|s >±λ=
∑
ρ
D±Sρλ (ϕ, θ, γ)|S >±ρ , |S〉 1
2
=
(
1
0
)
, |S〉− 1
2
=
(
0
1
)
, (3.12)
|i >±λ=
∑
ρ
D±Tρλ (ϕ, θ, γ)|I >ρ, |I〉 1
2
=
(
1
0
)
, |I〉− 1
2
=
(
0
1
)
, (3.13)
which satisfy for the spin part: σr|s >±λ= 2λ|s >±λ , σr|i >±ν = 2ν|i >±ν , for the chirality
part: Γ|i >±= ±|i >±,Γ|s >±= ±|s >± . The superscript ”S” and ”T” denote the
finite rotation matrix function D
1
2
λρ(ϕ, θ, γ) act in the spin space and the isospin space,
respectively, with S = 1
2
, T = 1
2
.
Then the fixed frame eq. (3.6) (3.7) is transformed to the following comoving frame
eq.
(
γr+(
∂
∂r+
+
1
r+
) |ψ〉
)
(3.14)
+ {
∑
a,j=1,2
ǫ3aj(Σˆ
2(x)αα
′ ⊗ σˆj(x)λλ′)(DαSλ′′λ′)⊗
ST
F
α′β′;α′′β′′
λ′′λ′′′;ν′′ν′′′(r)(D
βT
ν′′ν′)(Σˆ
2(x)ββ
′ ⊗ σˆa(x)νν′)
+ (Σˆr
+
(x)αα
′ ⊗ σˆr−(x)λλ′)(DαSλ′′λ′)ηr−r+⊗
ST
(DβTν′′ν′)G
α′β′;α′′β′′
λ′′λ′′′;ν′′ν′′′(r)(Σˆ
r−(x)ββ
′ ⊗ σˆr+(x)νν′)}
× fα′′β′′λ′′′ν′′′ |s〉α
′′
λ′′′ |i〉β
′′
ν′′′ = 0, (3.15)
ψˆαβλν = f
αβ
λν (r, t)D
αβ
λν (ϕ, θ, γ). (3.16)
Here the σˆ(x), Σˆ(x) matrix acted on the comoving frame basis |i >±ν , |s >±λ becomes
the constant matrices in (3.9)(3.10) (c.f. (B8)-(B12)). Then, since the κ operator in (3.5)
turns to be zero as shown after (3.20) , similar as (B13), this Dirac equation turns to be
simply a ”tangent vector equation along the left radial direction”
We note that in the second term of the eq. (3.14) the space spin S and the R spin T
are coupled into
ǫ3aj(σj)λ′λ′′D
αS
λλ′ |S〉αλ′′ ⊗
ST
(σa)ν′ν′′D
βT
νν′ |I〉βν′′
= ǫ3aj(σˆj)λλ′ |s〉αλ′ ⊗
ST
(σˆa)νν′ |i〉βν′ (−1)λ−
1
2 (−δα,βδλ,ν + δα,−βδλ,−ν), (3.17)
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with nonvanishing (ϕ, θ) functions D
D
αβ
λν (ϕ, θ, γ) ≡ (−1)2λ+1(−δλ,νδα,β + δλ,−νδα,−β) |s〉αλ |i〉βν . (3.18)
by using
1
4π
∑
λ′,ν′
CS, T, 0λ′,ν′,0D
αS
λ′λ(ϕ, θ, γ)D
−αT
ν′ν (ϕ, θ, γ) =
1√
2π
D00,λ+ν(ϕ, θ, γ)C
S,T,0
λ,ν,0 = (−1)λ−
1
2 δλ,−ν ,
(3.19)
1
4π
∑
λ′,ν′
CS, T, 0λ′,ν′,0D
αS
λ′λ(ϕ, θ, γ)D
αT
ν′ν(ϕ, θ, γ) =
1√
2π
D00,λ−ν(ϕ, θ, γ)C
S,T,0
λ,−ν,0 = −(−1)λ−
1
2 δλ,ν ,
(3.20)
here the finite rotation matrices DSµ′µ and D
T
ν′ν from the fixed frames to the comoving
frames is coupled to a singlet expressed by the well known Kroneker matrix (−1)µ− 12 δµ,∓ν ,
and we use ǫ3aj as the C
1
2
1
2
0
λ ν 0 to couple D
S and DT to obtain DJm,µ+νsµiν , this gives J = 0,
δµ,±ν and so κ = 0 in eq. (3.14) implicitly. Since the S T chirality have opposite helicity,
so there are two terms in (3.17), with opposite sign.
We also note that for the last term of the eq. (3.14), S and T are coupled as
ηr−r+σr−D
αS |S〉⊗σr+DβT |I〉 = ηr−r+(σr−|s >αλ ⊗
ST
σr
+ |i〉βν )(−1)λ−
1
2 (−δα,βδλ,ν+δα,−βδλ,−ν),
(3.21)
Thus, the D funtion has been simply coupled into the Kronecker matrix.
From constraint for the zero mode sections in (3.13), the original 16 ⊗ 16 tensor
product space |s〉αλ |i〉βν is reduced to 8 dimension, including |s〉αλ |i〉αλ and |s〉αλ |i〉−α−λ only.
Then after factorize out the ϕ, θ dependent basis |i〉 , |s〉 , we can show as (B16)-(B18)
that since for the zero mode section we have further constraint fαβλν = −fαβ−λ−ν ≡ fαβ. So
only 4 independent component remain only.
Remind that, as has been proved by Hitchin[29] only the left imaginary null KT− and
real null Kr− contribute on α plane. The Dirac equation in the cup product frame turns
to be (
(
∂
∂r+
+
1
r+
)I +KT− +Kr−
)
|ξ〉 ≡
(
(
∂
∂r+
+
1
r+
)I +K+
)
|ξ〉 = 0, (3.22)
|ξ〉 ≡
∣∣∣∣∣∣∣∣
f++
−f+−
f−−
−f−+
〉
,
where Kµ are
KT− =
4∑
i=1
F i(r)
r
Ei,i+1, KT+ = −
4∑
i=1
F i(r)
r
Ei+1,i
Kr− =
1
2
4∑
i=1
Gi(r)(Ei,i + Ei+1,i+1),
F i(r) = ωiF (r), Gi(r) = ωiG(r),
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here we add an subscript + to K =KT− +Kr−, to denote that it is the whole K along r
+.
Further, we write A+ instead K+, since the D
(H)
µ becomes simply
∂
∂r
+ 1
r
in this gauge,
by the vanishing of κ. The eq. (3.22) in each i-th 2 ⊗ 2 block generated by the Ei+1,i,
Ei,i+1and Ei,i, Ei+1,i+1 is obtained in the same way as appendix B. Here we generalize the
cup product 2⊗2→ 1⊗3
¯
into (2, 1)⊗((2, 1)⊕(1, 2))→ (1, 1)⊕(3, 1) and conjugate. That
is the same decomposition of the quaternion product for the kernel of Dirac operator in
SDYM. The outgoing Dirac equation is manipulated in the same way.
〈ξ|
(
(
∂
∂r¯−
+
1
r¯−
)I+K−
)
= 0 (3.23)
For the consistence of this equation with (3.22) at the intersection points of the outgoing
and incoming waves, we should affinize the algebra by the inclusion of the c and the d
term (see next section). The explicit form of fαβ(r+, r−) will be find in next section by
solving the scattering equation of the incoming and outgoing waves.
4 Conformal affine massive models, affine ADHMN
construction and ’t Hooft Hecke operator
In this section we will sketch how this zero mode solutions in the cup product form (section
3) in the background of the flat connection of the D bundles (section 2) are transformed
to the conformal affine system by the affine Nahm construction, then turn to the ’t Hooft
Hecke operator.
In previous section, by transform from the fixed frame to the tensor product form
of the spherical comoving frame, the dependence of θ, ϕ, γ(θ, ϕ) disappear by “Fourier
transformation”, i.e. integrate with the Green function for these variable. Meanwhile we
have choose the geodesics coordinate γ = ±ϕ in the north (south) patch of S2 (∼ CP1).
But the dependence on r+ r− remains, so we call it intermediate comoving frame. Now
to get the final comoving frame without r+ r− dependence. we adopt the following
step. We start from the cup product form in (3.22), then, firstly, we rotate the |ξ〉
in (3.22) by an angle φ such that e
1
2
φ = coth(r) (c.f(4.2)) , so that Dr+ in (3.22) for
each Gi, F i term of the cup product becomes
(
∂
∂r
+ F
i
r)
r
(
0 1
1 0
)
+Gi(r)− 1
r
)
. By
noticing that
(
d
dr
+
(
Gi(r)− 1
r
))
F i(r)
r
= 0, i.e. the diagonal function are the logarithm
derivative of the off diagonal function. In these geodesic r, t fixed frame, we have Ai± =(
Gi(r)− 1
r
F i(r)
r
F i(r)
r
Gi(r)− 1
r
)
±ζC. Then for the outgoing and incoming waves scattering
along r+, r− direction. The fixed frame A± is given by integrate the light cone comoving
frame a± along the spectral line.
A± = Pexp
∫
a±(z;µ),
where
a±(z;µ) = a±(z) =
∂z±
(
G− 1
z
)
(
G− 1
z
) ρ∓2 + (∂z±(Fz )(
F
z
) )±1ρ∓1E±1 + ζ(z)c (4.1)
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here we have push down r = µr+ + µ
−1r¯− to z+ = r+, z− = r− on worldsheet. This
a±(z)turns to be the Lax connection a±(z) =
3∑
i=0
∂z±φiω
±2iEi,i + e±φi(E±1)i,i±1 , as we
substitute in it the one soliton solution of the conformal affine Toda eq., by the following
identification (
F (z)
z
)′
F (z)
z
= e|φsoliton| =
1 + e2z
1− e2z = coth z, φi = |φ| ρi,
η =
πi
2
, dη = 0, ζ = ln(1− e2z) ≡ ζsol − ζvac. (4.2)
The Lax equation implies the existence of the transport matrix U, ∂±U = a±(z)U. Let
the monodromy matrix T±, the loop operator of a along r± = 0 → ∞, T+ =
∫∞
0
a(z)dz,
T− =
∫∞
0
a(z)dz¯, then T± becomes independent of r, t and satisfy the affine Nahm eq.
or the affine Donaldson’s imaginary eq.
λ
dT α+ (λ)
dλ
− [T h+ (λ), T α+ (λ)]− δ+(s) = 0; (4.3)
−λdT
α
− (λ)
dλ
− [T h− (λ), T α− (λ)]− δ−(s) = 0; (4.4)
real eq.
λ
dT h+(λ)
dλ
− dT
h
−(λ)
dλ
+ [T h+(λ), T h−(λ)] + [T α+ (λ), T α− (λ)]− δ(s) = ζ(r0). (4.5)
which depend on λ = es only, here λ is the loop parameter of gˆ and g˜, T±(λ) = T h−(λ)ρ+
T ±± (λ)E±1
δ±(s) =
1
2
(δ(s)± i
π
P 1
s
).
Meanwhile we change the r+, r− with respect to the scattering point (blow up point)
r0 by r+ → r+ − r0+, r− → r− − r0−, r0 ≡ µr0+ + µ¯r0−.
The residue of T around λ = µ, λ¯ = µ¯ respectively are the E E−1 generators of the
A
(1)
3 . The parameter µ describes the central U(1)
c of U(4), i.e. the diffeomorphism, area
preserving, dual twistor angle U(1) symmetry, which we affinize, and it happens that this
serves also as the common dilation, rapidity shift parameter in Rindler coordinate. This
dilation operators also rotate the fixed frame |Λmax〉 to the moving frame |ξvac〉. After all
this we have reach the affine twistor construction.
It is easy to check that the character of the blow up sheaf Mn,r,k (e.g. in [21]) is the
pointygin class c2 = n = 1, rank r = 4, 1st chern class c1 = k = 1 case is the one soliton
τ function of conformal affine Toda. Which can be factorize into
〈
ξ(λ¯)
∣∣ ξ(λ)〉 .
The distributions in fact are given by the trace twisted by the density matrix ρ˜ (4.7)
Trace |ξ〉Γ± 〈ξ| = δ±(λ),
T race |ξ〉Γ 〈ξ| = δ(λ),
T raceM = traceρ˜M
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the occurrence of the density matrix, comes from that |ξ〉 as a state in massive integrable
model are non-pure state.
To find the density matrix, besides the λ ∂
∂λ
≡ d and c, one should introduce the
homotopy operator K. That is, we are dealing with a massive integrable field theory3 as
the Unrah effect, the bare vacuum should be replaced by introducing the density matrix
ρ,
< ξvac|T (λ2)T (λ1)|ξvac >= tr[ρ˜T (λ1)T (λ2)], (4.6)
ρ˜ = e2piiK, (4.7)
how λ becomes the rapidity in the Rindler coordinates:
x = r coshα, t = r sinhα,
−∞ < α < +∞, 0 < r < +∞. (4.8)
We can introduce the rapidity shift operator K, such that,
eαKT (λ)e−αK = T (λ− α). (4.9)
where the shift operator, homotopy Bochner-Martinelli kernel operator K is realized
as the second terms in the right hand side of the following equation (4.10)
[Xˆ, Yˆ ] = [X˜, Y˜ ]∼ +
1
2
∮
dλ
2iπ
tr(∂λX˜(λ) · Y˜ (λ)) C
= [X˜, Y˜ ]∼ + KX˜(Y˜ )C, (4.10)
here Xˆ, Yˆ ∈ gˆ, X˜, Y˜ ∈ g˜.
Actually, the parameter λ is introduced by following Nahm[27], it is the Fourier trans-
formation of time t originally restricted to the static time of BPS monopole in [27], but
now generated to r+, r− for incoming and outgoing wave along r+, r−, which is further
push down respectively to z+, z−, and further central extend upon scattering point z0. So
this affine parameter is the rapidity, i.e. the Fourier transformation of the Rindler coordi-
nates α. Together with the rotation matrix in the base space DS(θ, ϕ) and in the target
space DT (θ, ϕ). The radial scattering function and the Rindler boost function expressed
by the radial Bessel function gives the Fourier transformation which constitute the affine
monopole function for an elementary blow up point.
Now as in [3], we rotate (dressing transform) the wavefunction |ξ〉 and〈ξ¯| respectively
from the |ξvac〉 to |ξsol〉, 〈ξ¯vac| to 〈ξ¯sol| at the same time changes avac to asol by conjugate
by the vertex operator V (z) (’t Hooft Hecke operator). The positive (negative) frequency
part V−(z), (V+(z)) is determined by the Riemann Hilbert transformation.
V˜− = V−e−
1
2
ζ(r)
V˜ −1− (z) =
1
2
ζ−1
∂
∂z+
ζ +
(
P+
λ− µ +
P−
λ+ µ
)
≡
 √ er+e−rer−e−r I 0
0
√
er−e−r
er+e−r
I
+ 2e2r√
1− e4r
(
µ λ
−λ −µ
)
µ
λ2 − µ2 (4.11)
P± ≡ µe
r
√
1− e2r
( ±I I
−I ∓I
)
, (4.12)
3We will following the discussion for the quantum massive integrable field by Lukyanov in [19].
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here all matrices are 4 × 4, the elements in each chiral blocks are 2 × 2 diagonal. P± is
diagonal along the rotation axis for the operator V with rotation angle 1
2
ϕsol = coth(z).
Remark: The right hand side of this R. H. eq. is similar as the following operators
in Hitchin’s paper[24,p51]
i
d
dλ
+ (
1
λ− 1 +
1
λ+ 1
)T. (4.13)
The Hirota e.q. of τ , gives the background dependent holomorphic anomaly. After sum
over various representation of |ξ〉 Nakajima[21] obtain the quantum τ . But the perturbative
factor of the character (partition function ), has been get by conjecture to fit the large
N approximation. We have include the central extension with center C lies in the center
Z of U(4), to construct the universal bundle. This extension by homotopy is the way of
nonabelian localization as calculated by Beasley and Witten for the Seifert manifold[25]
We may match our affine Nahm eq. of the ’t Hooft Hecke operator with the Nahm eq.
of the surface operator given by Gukov and Witten[26], since we have both 1st and 2nd
chern class c1 and c2.
5 Discussion and Outlook
In fact eq. (4.10) is the integral kernel of the Bochner-Martinelli formula. From this,
the reside theorem will give the Poincare-Hopf localization index, i.e. the analytic index.
After doing the Thom isomorphism, the representative of this index can be written as the
integral of the A-roof genus by using the Bott reside formula. This is just the topological
index.
In fact, the analytic index is just the anti-holomorphic function on the sheaf T (x) and
ψ(x) can be expressed using the T (x) in [20]. The one corresponds to the real null vector,
T0 ± T1, is just B1, and the one corresponds to the imaginary vector, T2± iT3, is just B2,
and
∮ |ψ >< ψ|dλ is just i∗j + j∗i. The character for the one affine monopole solution is
just the one in [20] with r = 2, n = 4, k = 1.
If we use the Riemann-Hilbert transformation with N poles, we will get the N-soliton
solution. The corresponding character is the character for the sheaf with the Young
diagram that satisfies |Y | = N in [20].
Now we turn to the problem of quantization. First we should use the Seiberg-Witten
curve to determine the cut-off constant Λ, here the Seiberg-Witten curve is just the
spectral curve of the Lax connections in the affine Toda system. There are four formalisms
for quantization. The first one is the quantum group formalism, such as the massive
integrable field theory (the one studied in [19]. The bosonic oscillator representation
is given in [10] and [13](here the relevant quantum group is Sˆl4(p, q)). In the second
formalism, twistor and sheaf are used[20,21]. The third formalism is the field theoretic
formalism, where the hyperkahler quotient plays a important role. In the last one, the
spectral curve in the moduli space form a Calabi-Yau 3-fold. Here, in the commutation
relation, we should use φquantum to replace the
[22] φvacuum.
In the quantum group formalism, beside expanse the φvaccuum by the q-oscillator,
we also obtain the exact explicit commutation relation of the vertex operator. We can
obtain the exact result in the thermodynamics limit which is not an approximate result
in the large N limit. Moreover, the two kinds of vertex operators in the quantum group
formalism are corresponding to the Wilson loop and the ’t Hooft loop in Yang-Mills theory,
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respectively. Modular transformation will exchange both these two kinds of operators
and the corresponding states characterize respectively the order parameter and disorder
parameter. This is also called the level-rank duality.
The area-preserving transformation of the dual twist angle ϕ (λ = eiϕ) is just the
diffeomorphism transformation. So it will connect the phase angle ϕ of the center term
of the topological field theory and the attractor parameter µ of the black hole entropy.
The quasi-Hopf quantum double of the Drinfeld’s quantum group not only realizes the
almost factorization in [23], but also give the center term of the holomorphic anomaly,
which is obtained by solving the Hirota equation. In this situation, the polarization of
the waving function can be used to explain the background independence.
Acknowledgments
The author would like to thank for the support of National Natural Science Foundation
of China under Grant No.90403019. we would like to thank X. C. Song, K. J. Shi, K.
Wu, S. Hu, Y. X.Chen, Y. Z. Zhang, R. H. Yue, L. Zhao, X. M. Ding, C. H. Xiong, X.
H. Wang and S. M. Ke for their helpful discussion and would like to thank J. B. Wu for
helpful discussions and for the help to write the preliminary version of this paper; thanks
Simonsyang and binlijunwang for their helpful discussions on the version 1 and version 2
of this paper.
Appendix A. BPS monopole
The static spherical symmetric ansatz 4
Aai (x) = ǫiaj
F (r)− 1
r
rˆj, (A1)
Aa0(x) = iG(r)rˆ
a(x), (A2)
where r = (x21+x
2
2+x
2
3)
1
2 , the unit radial vector rˆj = r
j
r
, the space spin index i, j = 1, 2, 3,
the ”isospin” SU(2) generator index a = 1, 2, 3. This ansatz is U(1) symmetrical under
the cooperative local rotation generated by both the space time spin sˆ(x) = rˆ and the
SU(2) isospin Tr(x) =
∑
a
T arˆa.
Decompose A as
Aµ = Hµ +Kµ, H
a
i = −εiaj
1
r
rˆj, Kai = ǫiaj
F (r)
r
rˆj, Ka0 = iG(r)rˆ
a, Ha0 = 0. (A3)
Let5 Dµ = ∂µ − iAµ = D(H)µ − iKµ,
4For the BPS monopole which is constituted by the Higgs Yang-Mills field or spontaneously breaking
Yang-Mills field, the Aa0 should be replaced by the Higgs field iΦ
a and the ASD equation by the BPS
equation.
Thus, we adopt the notation (A2) in view of further embedding into the SUSY affine monopole as the
incoming and outgoing waves in the Sec. 2 and Sec. 3. There, in case of d = 4 SUYM, our ansatz Aµ
turns to be the Aµ of paper [2], Aµ = Aµ + iφµ+4 with A0 = φ5 = φ6 = φ7 = 0.
5In appendices, we adopt the physics convention with a Hermitian gauge field Aµ.
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herein
D(H)µ = ∂µ − iHµ. (A4)
Then we have that, Tr(x) is covariant constant under the SU(2) ”isospin” rotation;
D
(H)
i T
r(x) = (∂i + iH
a
i T
[a)(
∑
b T
b]rˆb) = ∂irˆ
aT a − iǫiaj rˆj rˆb[T a, T b] = 0; D(H)0 Tr(x) = 0;
and meanwhile ∇irˆa = 0 under the action of spin connection along the surface S2 (r =
constant).
Transform from the spacetime fixed frames in ”spherical basis”[28] eM (M = 0,+1,−1)
:
e0 = dx3, e+1 ≡ − 1√
2
(dx1 + idx2), e−1 =
1√
2
(dx1 − idx2), (A5)
to the local comoving frames on S2 :
eT+ = − 1√
2
re−iγ (dθ + i sin θdϕ) , e
T−
=
1√
2
reiγ (dθ − i sin θdϕ) , (A6)
together with the normal vector er = dr and time et = dt, γ = ∓ϕ in the north (south)
patch. In the spherical basis em(m = 0,+1,−1), e0 ≡ er, e±1 ≡ eT± , we have
em =
∑
M=0,±1
D1Mm(ϕ, θ, γ)e
M , (A7)
change the basis of the fixed frame SU(2) generator from the cartesian basis T a (a =
1, 2, 3) to that in the spherical basis TM , then gauge transform to the comoving frame
Tm(x)
Tm(x) =
∑
M=0,±1
D1Mm(ϕ, θ, γ)T
M (A8)
e.g.
Tr(x) = T0(x) =
∑
a=1,2,3
rˆaT a,
underline e (T) denotes the vector (generator) in comoving frame, here the letters from
the beginning (a, b, c = 1, 2, 3) and from the middle (M,m = −1, 0,+1) of the alphabet
denote the indices of orthogonal basis and spherical basis respectively. Capital letter
(M = −1, 0,+1) and Lowercase (m = −1, 0,+1)denote the indices of the fixed frame
and the comoving frame respectively. Gauge transform Aµ(x) from the fixed gauge to the
comoving gauge, The connection Hµ in (A3) gauge transform to the U(1) Dirac potential
(A9) while matrix tensor Kµ transform covariantly to (A10),
H0T± = A
0
T±
=
∓ ∂γ
∂ϕ
+ cos θ
r sin θ
, (A9)
−K−T+(x) = −A−T+(x) = K+T−(x) = A+T−(x) = −
i√
2
F (r)
r
,K0t (x) = A
0
t (x) = G(r), (A10)
A(x) =
∑
m = 0,±1
n = T+, T−, t
Amn (x)e
n(x)Tm(x). (A11)
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Separate Fµν into the radial and the tangential electric and magnetic components
F ai0 = Er(r)xix
a/r2 + ET (r)(δ
a
i − xixa/r2), (A12)
εijkF
a
ij =Mr(r)xkx
a/r2 +MT (r)(δ
a
k − xkxa/r2).
From eq. (A11) for A(x), it is easy to see that the radial component Mr(x) can be find
by using the generalize Gauss equation (C9) for the reduced curvature;
Mr(x) = 2K
−
+K
+
− + F
(H)
+− .T
0 =
F 2(r)− 1
r2
, (A13)
where the F
(H)
+− =
1
r2
T0 is the magnetic field of the Dirac monopole (A9) Ta.Tb ≡
1
2
TrTa.Tb; the radial Er(x) and the tangential ET (x), MT (x) can be find by using the
generalize Codazzi equation (C10)
Er(x) = G
′(r), ET (x) =
G(r)F (r)
r
, HT (x) =
F ′(r)
r
. (A14)
The normalizable solution of the anti-self-dual equation
F ′(r) = G(r)F (r), G′(r) =
F 2(r)− 1
r2
, (A15)
is
F (r) =
µr
sh (µr)
, G(r) =
1
r
− µcth(µr), (A16)
which is holomorphic, and satisfies the condition Er = Mr ∼ O(1) ⇒ F (r) ∼ O(1),
G(r) ∼ O(1
r
) as r → 0, and asymptotically Er = Mr ∼ 1r2 , ET = MT ∼ O
(
1
r2
)⇒ G ∼ 1,
F (r) ∼ p(r)e−µr, here p(r) is a polynomial.
Appendix B. The zero mode of fermion in static spher-
ical symmetric BPS monopole
Dirac equation
γ
µ
DµΨ(x) = 0, (B1)
where Dµ = ∂µ − i
∑
a T
aAaµ with Aµ given by (A1) and (A2); γj =
(
0 −iσj
iσj 0
)
, γ0 =
−i
(
0 I
I 0
)
,
γ5 =
(
I 0
0 −I
)
in the γ5 diagonal representation.
Let Ψ(x) =
(
χ+
χ−
)
be static, then we get two decoupled 2-component equations with
opposite chirality.
(σjDj ∓G(r)Tr(x))χ± = 0. (B2)
Introduce the spin shift operator κ by couple the spin with the orbital momentum
κ = −ǫijkσixjD(H)k + 1, (B3)
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then
σiD
(H)
i = σr(
∂
∂r
+
1
r
)− 1
r
σrκ, σr ≡
∑
i
σirˆi. (B4)
So in the Dirac operator besides the spin shift operator κ only the radial derivative
remains.
[σr(
∂
∂r
+
1
r
)− 1
r
σrκ− iǫijkF (r)
r
rˆiσjTk ∓G(r)Tr]χ± = 0. (B5)
In the spherical symmetric coordinate, let
χ± =
∑
J
∑
µ,ν
f±Jµ,ν (r)D
J
µ,ν(ϕ, θ, γ), (B6)
D
J
µ,ν(ϕ, θ, γ) ≡
√
2J + 1
4π
DJM,µ+νsµiν , M = −(2J+1), · · · , 2J+1, no summation for µ, ν.
(B7)
sµ(ϕ, θ, γ) =
∑
µ′
√
1
2π
DSµ′,µ(ϕ, θ, γ)Sµ′, σ3Sµ = 2µSµ, S =
1
2
(B8)
iν(ϕ, θ, γ) =
∑
ν′
√
1
2π
DIν′,ν(ϕ, θ, γ)Iν′, T3Iν = 2νIν , I =
1
2
(B9)
and
σrsµ = 2µsµ, Triν = νiν (B10)
σm(x) =
∑
M=0,±1
D1Mm(ϕ, θ, γ)σ
M ,
σr(x) = σ0(x) =
∑
a=1,2,3
rˆaσa, or (σa(x))λν = D
1
2
λµ(ϕ, θ, γ)(σ
a)µρD
∗ 1
2
ρν (ϕ, θ, γ)
here as in (A8) for the isospin generatorT, we introduce the spin generators σ1(x), σ2(x), σ3(x)
in the comoving frames, later when we consider the spherical case, we always write σm
simply, by omitting the argument x.
Then the J = 0, 1 component DJµ,ν(ϕ, θ, γ) of the wave function χ satisfy
J2DJµ,ν = J(J + 1)D
J
µ,ν , J = 0, 1
J3D
J
µ,ν =MD
J
µ,ν , M = −(2J + 1), ..., 2J + 1
σrD
J
µ,ν = 2µD
J
µ,ν, µ, ν = ±
1
2
TrD
J
µ,ν = νD
J
µ,ν ,
κDJµ,ν = κµD
J
−µ,ν ,
εijkrˆiσjTkD
J
µ,ν = −i2µα
1
2
ν+ 1
2
+µ
D
J
−µ,ν+2µ,
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where
αIν = (I + ν)
1
2 (I − ν + 1) 12 , κν = αJ|ν|+ 1
2
=
√
(J +
1
2
)2 − ν2. (B11)
So the radial components f±J(r) satisfy
(
∂
∂r
+
1
r
)f±Jµ,ν (r)−
κµ
r
f±J−µ,ν(r) + α
I
ν+ 1
2
+µ
F (r)
r
f±J−µ,ν+2µ(r)∓ 2µνG(r)f±Jµ,ν (r) = 0. (B12)
The convergence at r →∞, requires ∓2µνG(r) > 0 asymptotically. Thus for the
γ5 = 1 (−1) solutions f+Jµ,ν (f−Jµ,ν ), µν always > 0 (< 0). But then the κνr f±J−µ,ν term
disobey this condition, so we should require κµ = 0 . Thus J is restricted to be 0.The
superscript J will be dropped later. This implies the well-known fact that for the zero
mode, the total spin, which is contributed by the space spin and the isospin induced by the
field, cancels. Based on the same reason in section 3, we simply use the J = 0 component
in the tensor product of S and T . From F (r)f±−µ,ν+2µ term , −µ(ν + 2µ) should be > 0
(< 0) for f+(f−). Hence ν = −µ and f+ = 0, only f− is convergent, it satisfies
(
∂
∂r
+
1
r
)f−µ,−µ(r)−
F (r)
r
f−−µ,µ(r)−
1
2
G(r)f−µ,−µ(r) = 0
i.e.
(
∂
∂r
+
1
r
)f−1
2
,− 1
2
(r)− F (r)
r
f−− 1
2,
, 1
2
(r)− 1
2
G(r)f−1
2
,− 1
2
(r) = 0,
(
∂
∂r
+
1
r
)f−− 1
2,
, 1
2
(r)− F (r)
r
f−1
2
,− 1
2
(r)− 1
2
G(r)f−− 1
2,
, 1
2
(r) = 0. (B13)
The unique convergent solution is
f−(r) = f−1
2
,− 1
2
(r) = −f−− 1
2
, 1
2
(r) ≃ r− 12 (shβr
2
)
1
2 (ch
βr
2
)−
3
2 .
which satisfy
(
∂
∂r
+
1
r
)f−(r) +
F (r)
r
f−(r)− 1
2
G(r)f−(r) = 0. (B14)
In fact, we have a local (comoving) homotopy isomorphism between the spin sµ and isospin
iν in the reduced cup product 2
·⊗
ST
2
cup product
=⇒ 1, in the tensor product sµ ⊗ iν .
2 ⊗
ST
2 = 1⊕ 3, (B15)
the nondegenerate zero mode lies in 1 only. So we simply have
χ− =
∑
µν
f−µνs
−
µ iν(−1)µ−
1
2 δµ,−ν (B16)
by using
1
4π
∑
µ′,ν′
CS,T,Jµ′,ν′,MD
S
µ′µ(ϕ, θ, γ)D
T
ν′ν(ϕ, θ, γ) =
1√
2π
DJM,µ+ν(ϕ, θ, γ)C
S,T,J
µ,ν,0 = (−1)µ−
1
2 δµ,−ν ,
(B17)
S = T =
1
2
, J = 0.
17
Here, the finite rotation matrices DSµ′µ and D
T
ν′ν from the fixed frames to the comoving
frames is coupled to a singlet expressed by the well known Kroneker matrix (−1)µ− 12 δµ,−ν .
The fixed frame Dirac eq (B5) turns to be the eq.(B12) in the tensor product
comoving frame, the last two terms comes from (B12)
γiKi = γiK
a
i T
a = γiǫija
F (r)
r
rˆjTa,
γ0K0 = γ0δ
abKa0T
b = γ0δ
abiG(r)rˆaT b.
And further turn to be that in the cup product form, that is
χ− part: (iǫ3jkσjTk
F (r)
r
)χ− = i(σ1T2 − σ2T1)F (r)
r
χ−
cup product
=⇒ i
2
(E21 − E12)
F (r)
r
|f−〉,
G(r)rˆaT aχ−
cup product
=⇒ 1
2
G(r)(E11 − E22)|f−〉,
where the cup product basis matrix (Eji )αβ = δiαδjβ. Notice that the radial gradient term
has a σr, which turns to
1
2
(E11 − E22) also, so we have at last the zero mode equation in
cup product form (B13)(
(
∂
∂r
+
1
r
)I − F (r)
2r
(
0 1
1 0
)
− 1
2
G(r)I
)
|f−〉 = 0,
|f−〉 = 1
2
(
1 −1
−1 1
)( f−1
2
,− 1
2
(r)
f−− 1
2
, 1
2
(r)
)
=
1
2
(
f−1
2
,− 1
2
(r)− f−− 1
2
, 1
2
(r)
−f−1
2
,− 1
2
(r) + f−− 1
2
, 1
2
(r)
)
(B18)
Here we have factorize out the spherical dependence of the wave function in the reduced
cup product frame
s−−i+ − s−+i−,
(the superscript− of s denote the chirality).
By(A10) we have
i
2
(E21 −E12)
F (r)
r
=
1
2
(E−+ − E+−)
F (r)
r
⇒ 1
2
(K−+ −K+−) = K−+.
so at last (B18) turns to be
((
∂
∂r
+
1
r
) +KT+ − 1
2
Kt)|f−〉 = 0
i.e. the eq. (B14).
Remark: Following Nahm[27] by Fourier transform to the momentum space, but dif-
ferent from Nahm, we adopt the light cone spherical frame coordinates, then the |f−〉 be-
comes the holomorphic sheaf, i.e. the mini-twistor [26 p584]. Here, the geodesic flow along
the spectral line, left real null line, ∇r− 12Kt ∼ ∇U−iΦ[29], and the KT+ ∼ ∇x+i∇y = ∂¯
[29], spans the left null plane (α plane), as the natural flat connection on it.
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Appendix C. The generalized Gauss Codazzi equation
1. Condition of reducibility.
The necessary and sufficient condition for the gauge field with group G defined on
space-time manifold M to be reducible into gauge field with subgroup H , may be for-
mulated as follows: A connection on the principal bundle P (M,G) can be reduced
into the connection of subbundle Q(M,H), when and only when the associated bun-
dle E(M,G/H,G) have a section n(x) : M → G/H, which is invariant under parallel
displacement. In order to employ this condition, we must find out proper expression for
G/H , consequently we decompose the left invariant algebra g of group G canonically into
g = h + m, where h is the subalgebra corresponding to the stationary subgroup of the
element on G/H . Observing the natural correspondence between G/H and the subspace
spanned by h in the left invariant Lie algebra, we may perform the reduction as follows.
2. Gauge field with group G = SU(2) which may be abelianized into H = U(1).
in this case, h is one dimensional everywhere, and its normalized base is taken as nˆ,
nˆ · nˆ ≡ −2tr(nˆ · nˆ) = 1. Then the set of nˆ makes a unit sphere S2 ∼ SU(2)/U(1)
in the space of adjoint representation. The section nˆ(x) is the mapping of space-time
M(except the singular point) onto S2. This unit isospin field is invariant under the
parallel displacement by gauge potential Aµ(x),
∇˜nˆ(x) ≡ ∂µnˆ(x) + e[Aµ(x), nˆ(x)] = 0
Aµ(x) ∈ g, µ = 0, 1, 2, 3 (C1)
where, under infinitesimal gauge transformation
A′µ(x) = Aµ(x) + e[Aµ(x), α(x)] + e∂µα(x)
α(x) ∈ g (C2)
Using identity V = (V · N)N + [N, [V,N]], we can easily see that the necessary and
sufficient condition of (C1) is
Aµ = (Aµ · nˆ)nˆ− 1
e
[nˆ, ∂µnˆ] (C3)
Here, the potential is SU(2) formally, but in reality it may be transformed at least locally
into U(1) potential with a constant nˆ(x) as the generator, i.e. the gauge could be chosen
to turn nˆ(x) into the same direction in some region of x, ∂µnˆ(x) = 0. ThenA
′
µ(x) becomes
explicit Abelian, i.e., it equals (A′ ·n)n in this region. If we fix the direction of nˆ(x), but
rotate a gauge angle Γ(x) around nˆ(x), then we obtain the U(1) transform generated by
enˆ : A′µ = Aµ + enˆ∂µΓ.
Substituting (C3) into
Fµν = ∂µAν − ∂νAµ + e[Aµ,Aν] (C4)
we get
Fµν = [∂µ(Aν · nˆ)− ∂ν(Aµ · nˆ)]nˆ− 1
e
[∂µnˆ, ∂νnˆ]
= (Fµν · nˆ)nˆ (C5)
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In the region where nˆ(x) is well defined, Fµν · nˆ satisfies
∂µ(∗Fµν · nˆ) = ∇˜µ(∗Fµν · nˆ) = (∇˜µ∗Fµν) · nˆ+∗ Fµν∇˜µnˆ = 0 (C6)
where ∗Fµν ≡ 12ǫµνλρFλρ.Locally Fµν · nˆ is the same as the ordinary electromagnetic field
without magnetic charge, and in explicit Abelian gauge it may be expressed by the U(1)
potential Aµ · nˆ; Fµν · nˆ = ∂µ(Aν · nˆ)−∂ν(Aµ · nˆ). But, globally its magnetic flux through
some two dimensional space like close surface M ′ may be non-zero,
1
2
∫∫
M ′
Fµν · nˆdxµ ∧ dxν = l
e
∫∫
S2
nˆ · [dnˆ, δnˆ] = −4πl
e
(C7)
Here integer l is the times by which the surface M ′ covers the isospin sphere S2 through
the mapping nˆ(x). Physically it is the quantum number of the magnetic charge sur-
rounded by the surface M ′. If l 6= 0, it is impossible to turn nˆ(x) into one and the same
direction globally by non-singular single-valued gauge transformation. Then there must
be either singularity or overlapping regions with transition function, the corresponding
Abelian potential being the Dirac-Schwinger potential with string or the Wu-Yang global
potential. Above all, the characteristic π1(S
1) of bundle Q(M,H) of U(1) gauge field
corresponds one to one to π2(S
2) of the section n(x) on the associated coset bundle of
SU(2), π1(S
1) ∼ π2(S2). Their common characteristic number is determined physically by
the dual charge.Mathematically nˆ(x) is the generator of the holonomy group of P (M,G)
under given connection;physically enˆ(x) is the charge operator;abelianizable Aµ is the
potential of pure electromagnetic field Fµν ; and meantime, nˆ is the common isodirection
of the six space-time components of Fµν .
3.Non-abelianizable SU(2) potential Aµ(x) and field strength Fµν(x). Now, the holon-
omy group are whole SU(2), thus it is impossible to choose from its generators some nˆ(x)
which remains invariant under parallel displacement. The noninvariant section nˆ(x) must
be given otherwise. Physically,as the charge operator, nˆ(x) is the phase axis of wave func-
tions of charged particles, or the isodirection of its current vector,or nˆ(x) = φ(x)/|φ(x)|,
where φ(x) is the Higgs particle. In pure gauge field without other particles, nˆ(x) may be
the privileged direction determined by the intrinsic symmetry of the field, e.g. the gen-
erator of the stationary subgroup H for G invariant connection. (In case of synchronous
of space spin and isospin spherical symmetry field as the BPS monopole, the privileged
direction is synchronous with the vector radius rˆ.)
Once a section nˆ(x) is given, it determines a corresponding subbundle Q(M,H), whose
characteristic class is decided by the homotopic property of nˆ(x).Physically, as soon as
the charge operator nˆ(x) is given, one can separate the U(1) Dirac component Hµ(x)
from the SU(2) potential Aµ(x) as follows: Here Hµ(x) is the U(1) gauge potential with
nˆ(x) as the generator. Now from ∇˜µnˆ ≡ ∂µn+ e[Aµ, nˆ] which is not vanishing now, we
get
Aµ = (Aµ · nˆ)nˆ− 1
e
[nˆ, ∂µnˆ] +
1
e
[nˆ,∇µnˆ] ≡ Hµ +Kµ (C8)
Here we have setHµ ≡ (Aµ · nˆ)nˆ − 1
e
[nˆ, ∂µnˆ].It is easy to prove that Hµ satisfies(C1)-
(C3),hence it is the U(1) part in Aµ, the remainder
1
e
[nˆ,∇µnˆ] ≡ Kµ is gauge covariant
and represents the charged vector particles. Geometrically eKµcorresponds to the second
fundamental form, e.g.∇µnˆ = [eKµ, nˆ] is the generalized Weingarten formula (since |nˆ| =
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1, the ”normal” component is absent). Substituting (C8) into Fµν = ∂µAν − ∂νAµ +
e[Aµ,Aν] and making comparison with (C5). We get
Fµν · nˆ nˆ− [Kµ,Kν] = Fµν · nˆ nˆ− [∇µnˆ,∇νnˆ]
= ∂µ(Hν · nˆ)nˆ− ∂ν(Hµ · nˆ)nˆ− 1
e
[∂µnˆ, ∂νnˆ]
= F
(H)
µν (C9)
This is just the ’t Hooft expression. Here F
(H)
µν is the U(1) field part in Fµνcontributed by
Hµ (The Higgs particle does not contribute this U(1) field, only its isodirection coincides
with that of charge operator.) Geometrically (C9) is the generalized Gauss equation.
F
(H)
µν · nˆ, as the U(1) ”subcurvature” of the total curvature Fµν , satisfies the Bianchi
identity on subbundle. At the same time we get the generalized Codazzi equation,
[nˆ, [Fµν , nˆ]] = ∇˜µKν − ∇˜νKµ (C10)
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